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Abstract 

In this paper we examine bases for finite index inclusion 
of II\ factors and connected inclusion of finite dimensional 
C*- algebras. These bases behave nicely with respect to basic 
construction towers. As applications we have studied auto¬ 
morphisms of the hyperfinite II\ factor R which are ‘compat¬ 
ible with respect to the Jones’ tower of finite dimensional C*- 
algebras’. As a further application, in both Cases we obtain 
a characterization, in terms of bases, of basic constructions. 
Finally we use these bases to describe the phenomenon of mul¬ 
tistep basic constructions (in both the Cases). 
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1 Introduction 

We write (N C M,tr ) to denote a unital inclusion of finite von 
Neumann algebras, with ‘tr’ a faithful normal tracial state, and write 

ei 

N C M C Mi for Jones’ resulting basic construction. The trace tr is 
called a Markov trace of modulus r if it extends to a positive trace 
Tr : M\ \—> C such that Tr(xe n ) = rtrfx) for x € M. 

We confine ourselves to two Cases: (1) when the inclusion is one 
of II\ factors with finite index, i.e., [M : N] < oo; and (2) when we 
have a connected inclusion of finite dimensional C*- algebras. Then 
it is known that in both Cases ((1) and (2)) there exists a unique 
Markov trace on M, and we can iterate the basic construction to 
obtain a tower, 


Mi C M 2 C .. C M n C M n+ 1.... 

where M n+ i = (M n ,e n+ 1 ) is the result of applying the basic con¬ 
struction for the pair M n _i C M n and e n+ i is the projection im¬ 
plementing the trM n preserving conditional expectation of M n onto 
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M n -\ . We then obtain a II± factor in both the Cases, which is 
hyperfinite in Case (2). 

Pimsner and Popa have shown (in El) that for an inclusion 
N C M of II\ factors, M is a finitely generated projective module 
over N if and only if [M : N] is finite by constructing a family 
{rrij :l<j<n + l}of elements in M, with n equal to the integer 
part of [M : A r ], which they called “orthonormal basis” for the pair 
N CM. In a similar manner, we find a slightly less restrictive notion 
of basis in [7] . 

In this paper (in section 2) we see that this notion of basis in [7J 
can also be carried out in our Case (2) of connected inclusions of 
finite dimensional C*- algebras. Further in section 2 we characterize 
bases, in both Cases (1) and (2), by three equivalent conditions. One 
advantage of this characterization is a transparent proof of Corollary 
[ 2l\ This result has been mentioned for the Case of II\ factors in 
[7j (Lemma 4.3.4 (i)), but the proof there seems incomplete. Our 
characterization of bases now clarifies this point, and also shows that 
bases behave in a nice way with respect to the Jones’ tower. 

As an application we show (in 3.1) how the use of bases leads to 
a natural proof of existence, in Case (2), (see (13](Theorem 2.1)) of a 
unique extension of an automorphism on M which leaves N globally 
invariant, to an automorphism on the hyperfinite II\ factor M^ 
which is compatible with the tower in the sense of fixing the Jones 
projections. It has been also proved that the initial automorphism 
will be automatically trace-preserving. 

In [12] (Proposition 1.2) Pimsner and Popa have characterized 
basic construction for II\ factor inclusion in two equivalent ways. 
See also [3] (section 5). In this paper we have characterized basic 
construction in terms of basis we introduced!Lemma 13.41) . We have 
succeeded to obtain a simple characterization of M\ for finite dernen- 
sional C*- algebra Case also. In [12] (Theorem 2.6)Pimsner and Popa 
have used their characterization of basic construction to describe the 
fc-th step of the basic construction. In the section 3.2 we have also 
given another proof of this construction using our characterization 
of basic construction and have also done the same for connected in¬ 
clusion of finite dimensional C*-algebras. 

2 Bases 

As stated in the Introduction, we assume N C M is a unital inclusion 
of finite von Neumann algebras of one of the following two types. 
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Case( 1): N and M are II± factors with finite index [M : IV] and 
hence there exists unique Markov trace tr on M of modulus r where 
t=[M : AT]” 1 . 

Case( 2): Let N C M be a connected inclusion of finite dimen¬ 
sional C* -algebras and hence there exists unique Markov trace tr on 
M of modulus r where r = ||G|| -2 where G is the inclusion matrix 
for N C M. 


For both the Cases the following easy but very useful Lemma 
holds whose proof can be found in [11], (Lemma 1.2) and for Case(2) 
see [7] (Remark 4.3.2(a)). 

Lemma 2.1. If x i € Mi, then there exists unique element xo € M 
such that x\e\ = xo e i ,this element is given by x 0 = i^i)- 


In the following theorem we give three equivalent descriptions of 
basis, not necessarily orthonormal in the sense of Pimsner-Popa. 


Theorem 2.2. Let N and M be as in Case(l) or in Case(2). Then for 
a finite set {A i : i € I = 1,2, ...n} C M, the following are equivalent: 

(1) Let En be the tr- preserving conditional expectation of M onto N 
and define a matrix Q whose ( i,j ) entry is given by qtj = ^^(AjAj*). 
Then Q is a projection in M n (N) such that tr M / N ^{Q) = t -1 /n. 

(2) Y^i =i Aj*eiAj = 1, where e± is the Jones projection. 

(3) For any x 6 M , x = E N (x\i*)\i. 

Proof. (1) (2) : This proof is mainly inspired by [TT]. Assume 

(1) holds. Since tr on M is Markov, it extends to a unique trace on 
Mi, namely trAq• Put Vi = eiA* and 


v\ 0 ... 0 

V2 0 ... 0 

v = . . . 

y n 0 ... 0_ 

Then, ViVj* = eiA,;Aj*ei = Ejy(\i\j*)ei = q % -je\. Thus, 


* 

vv 


qnei 

9i2ei •• 

Qln^l 

921 ei 

922ei •• 

Q2n^l 

Qn 1^1 

9n2Cl •• 

QnnC 1 


= QE 
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where 


E = 


ei 

0 


0 

ei 


0 

0 


0 0 ... ei 


Thus by property of Jones projection |5] (Proposition 3.1.4), vv* = 
QE = EQ and hence v is a partial isometry. Thus v*v is a projection; 
i.e., Yi v i v i is a projection / (say) in (M,e i) = M\. But / = 
Yi Aj*eiAj satisfies the following equations : 


tr M J = n tr Mn{Ml) (vv*) 

= n tr Mn(Ml) (QE) 

= n (1 /n)'Y^ l tr Ml (q ii e 1 ) 
i 

= T tr(qa) (Markov property) 

i 

— t n tr Mn ( N )(Q) 

= 1 (by (i)). 


Thus (1 — /) > 0 and tr'Mi (/) = 1. Then faithfulness of tr implies 
/ = 1. So Yi Aj*eiAj = 1. Thus (1) implies (2). 


(2) => (3): We assume that (2) holds. Let x* € M, then 

x*e 1 = (Y, X*e 1 X i )x*ei 

i 

= Y j \*E N (\ i x*)e 1 
i 

= (y Xi*E N (\iX*))ei. 

i 

Again applying Lemma 12.II and then taking adjoint we get (3). 

(3) => (2) : We assume (3). Let x and y be two arbitrary elements 
of M. Then, 

Cy \ * ei\i)(xeiy) = ^ \* eiXjxeiy 
i i 

= y X i *E N (X i x)e 1 y 

i 

= (xery) (by (3)). 
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Similarly, 


( xe iy)C^2 Aj*eiAj) = y^ xe 1 y\*e 1 \ i 

i i 

= y^ j xe 1 E N (y\*)X i 

i 

= (xei y) (by (3)). 

Then we know the space Me±M, which is linear span of {xe\y : 
x,y G M}, is a strongly dense *-subalgebra of M\, see for instance 
[2](Proposition 3.6.1(vii)). Then since multiplication is separately 
strongly continuous it follows that Aj*eiA* = 1. 

(2) =>• (1) : Suppose (2) is true. Then, 

e l(y~l QikQkj ) = e l(T~! EN(XjXk*)E]y(XkXj*)) 
k k 

= ei(£ EN{XjXk*E]y(XkXj*))) 
k 

= J2 e i X i X k*E N {X k X j *)e 1 
k 

= ^ eiAjAfc*eiAfcAj*ei 
k 

= e 1 X i Q2X k *e 1 X k )X j *e 1 

k 

= e 1 X i X j *e 1 (by (2)) 

= eif; J v(A i A j *) 

= Ci Qij . 

Thus applying Lemma l2Tl we get Q 2 = Q. Clearly Q* = Q. Hence 
Q is a projection in M n (N). Now 

tr Mn (N)(Q) = (1 /n)^2tr( qii ) 

i 

= (1 /n)J2tr(E N (\iXi*)) 

i 

= (l/n)'y'tr(X i Xi*) 

i 

= (r _1 /n) ^ r ( e iAjAj*) (Markov Property) 
i 

= (r _1 /n) ^ tr(Aj*eiAj) 
i 

= (T _1 /n). 
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Hence (2) implies (1). 


□ 

Remark 2.3. Taking adjoints in (3) it follows that the above three 
are also equivalent to x = Ya=i A** En(\x), for all x £ M. 

Definition 2.4. A finite set {Aj : i £ 1} c M satisfying any one of 
the equivalent conditions (i)-(iii) of Theorem \2.2\ will simply be called 
a basis for M/N. 

Existence of bases: For Case(l) an explicit construction has been 
given in (llj(Proposition 1.3) while for Case (2) see [7] (Lemma 
5.7.3), and [6] (Proposition 2.5). For Case(2) see also [1] (section 
9.4). 

Remark 2.5. Comparing JT1] (Proposition 1.3(c)(2)) and Theorem 
17.21 we remark that any Pimsner-Popa basis for II\ factor inclusions 
is automatically a basis according to our notion. Also, motivated 
by m and w, Watatani has introduced (in the memoir W) what he 
calls ‘quasi-basis for conditional expectation E’ in a purely algebraic 
setting. Assuming the existence of quasi-basis he developed index 
for a conditional expectation of index-finite type, called it Index E, 
which he shows to be independent of the choice of quasi-basis. He 
then investigated Jones’ index theory in C*-algebra setting. Observe 
that, Theorem \2.2\ (1) now says that Index E is same as Jones’ index 
for Case (1) and equals to ||G|| 2 for Case (2). 

Remark 2.6. The row vector [Ejy (xAi*),.., Ej\r(x\ n *)] £ M\ xn (N)Q 
and conversely if [xi,..,x n ] £ M\ xn (N)Q satisfies x = Y2!i=i x i^i 
then Xj = Eft^xXj*) for all j £ I. 

Exactly the same proof as in [7] (Proposition 4.3.3(b) (ii)) works. 

Corollary 2.7. Let N C M C P be a tower of II\ factors with 
[P : N] < oo (or a tower of finite dimensional C*-algebras where 
the two inclusions are connected with inclusion matrices G and H 
respectively). In either Case, let {A* : 1 < i < m} be a basis for 
M/N and {pj : 1 < j < n} be a basis for P/M, then {A tpj : 1 < i < 
77i, 1 < j < ?r} is a basis for P/N. 

Proof. Let x £ P and as {pj} is a basis for P/M , we get, x = 
Y2j=i EM{xpj*)pj. Now note Ef^j(xpj*) £ M and {A,;} is a basis for 
M/N. Now condition(3) of the Theorem 12.21 yields. 

m 

E M {xpj*)= Y,ENiEMixpj *)Ai*}Ai. 

i =1 
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Thus we get, 


* = X)E E n {E m (x^*)\*}M^ 

j =i *=i 

m n 

= ££ 

*=i i=i 

Thus again applying (3) of the Theorem 12.21 we get that 

{A ijij : 1 < * < m, 1 < j < n} is a basis for P/N. □ 

Corollary 2.8. If {A* : i £ I = {1,2, ...n}} is a basis for M/N, 
then {r _1//2 eiAj} is a basis for M\/M. Where N C M is an in 
inclusion as in Case (1) or Case (2). 

Proof. In the Case (1) Mi is a II\ factor such that [Mi : M] = [M : 
N] < oo. In Case (2) inclusion matrix for M C Mi is G t and hence 
is a connected inclusion. Now in both the Cases let e 2 be the Jones 
projection for the inclusion M C Mi. Now, 

n n 

^{r~ 1/ ' 2 eiAi}*e 2 {r _1/2 eiA i } = t - 1 ^ A^e^eiA* 

1=1 1=1 

n 

= mV ^ Aj*eiAj 
i= 1 

= 1 (since {A,;} is a basis). 

Now (2) of the Theorem 12.21 yields the result. □ 

Remark 2.9. From Corollary \2.8 1 every element of Mi is express¬ 
ible in the form YH=i x i e iyi f or some Xi,yi £ M (in fact, x = 
t -1 Yli=i EMixX^e^dXi); however this does not allow us to define a 
*-homomorphism on M\ by merely specifying the image of an element 
of the form xe±y, as we will need to verify that such a ‘definition’ is 
unambiguous; but we may define the above canonical decomposition 
to unambiguously define maps on M\ once we know where to map 
elements of N, the basis vectors A,; and e\. This problem of ambigu¬ 
ity was part of the reason for us the study this notion of bases. The 
reader need only compare the crisp clarity of the proofs of unambi¬ 
guity in the definition of a± in Theorem 13.21 and of <p in Lemma \3.f\ 
with the corresponding proofs of Theorem 2.1 in 113$ (actually only 
to be found in the arXiv version) and of Proposition 1.2 in fT2|/ . to 
appreciate this remark. 
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Corollary 2.10. Let N CM as in Case (1) or (2) and {A* : i G 1} 

be a basis for M/N. Define i(k) = ( i\,i 2 , . ik) € I k ,k ^ 1 and 

X fik) = T _fc(fc_1)/4 Aj 1 eiAj 2 e 2 eiAj 3 A ifc _ 1 e fc _ 1 e x A ik .Then {A— : 

i(k) G I k } is a basis for M^-i/N. 

Proof. Clearly the statement is true for k = 1 with the understanding 
that Mo = M. Suppose the statement is true for k. Now applying 
Corollary 12.81 recursively we get Mk/Mf.- 1 has basis 
| r -fc / 2 e/ c efc_ 1 ..e 1 Ai fe+1 : ik+i G /}. Then applying Corollary 12.71 we 
see that M^/N has basis, 

j T -fc(fc—i)/4 r -fc/2A iiei A i2e 2e 1 Ai3..Aj fc _ 1 e fe _i..e 1 A ifc e fc e fc _ 1 ..e 1 A ifc+1 } 

= + 1) G 7 fc+1 }; and the proof of the inductive step is 

complete. □ 

3 Applications 

3.1 Compatible automorphisms of 
the Hyperfinite II\ factor 

Consider an inclusion as in Case (2). Then, we have a unique Markov 
trace tr on M. Next consider the Jones tower IV C M C M\ C 

M 2 C . and let R be the hyperfinite II\ factor arising from this 

tower [TJ. Suppose further we have an automorphism ao on M such 
that ao(N) = N. In this present section we shall show using our 
concept of basis how we can costruct a unique extension of ao to 
an automorphism a of the hyperfinite II\ factor R which is com¬ 
patible with respect to the tower in the sense of fixing all the Jones 
projections and leaving M t invariant. 

This can be thought of as the finite dimensional C*-algebraic ver¬ 
sion of |10| (Lemma 5.1). In that paper Loi studied automorphisms 
for a pair of factors using standard form of von Neumann algebras, 
whereas our treatment is based on basis for the corresponding in¬ 
clusion. In the similar direction in (8j the author has dealt with 
automorphisms commuting with a faithful normal conditional ex¬ 
pectation for a pair of er-finite von Neumann algebras and related 
this with an action of a locally compact abelian group. See also |14| . 
where the author was more concerned with commuting squares. 

Lemma 3.1. Let N, M,tr,ao be as above. Then «o is automatically 
trace preserving, that is tr o ao = tr. 

Proof. Let the minimal central projections in N be {pi,P2i. Pm} 

and those in M be {q±, g 2 , ,...q n }. Then the inclusion matrix G is an 
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mxn matrix. Observe ao permutes pi's and qj’ s. Say pi i->- p T u) and 
Qj l- t Qa ( j) for T € £ m and a £ E n . As ao is an automorphism,G(i, j) = 
G(r(i), cr(j)). Equivalently, G = TGS for permutation matrices T 
and S of sizes m and n respectively. Let t be the trace vector corre¬ 
sponding to tr for M. Then it is the unique positive Perron-Frobenius 
eigenvector of G t G, hence also of S~ 1 G t GS. But that implies St is a 
positive eigenvector of G t G with the same eigenvalue as of t and by 
uniqueness of Perron -Frobenius theory (see chapter XIII [3]) we get 
St = t. Hence tr o ao = tr. □ 

The above proof is due to Vijay Kodiyalam. I sincerely thank 
him for this. 

Theorem 3.2. Let «o be an automorphism of M such that ao(N) = 
N. Then there is a unique (trace preserving) automorphism aq of 
Mi such that ai(ei) = e\, aq(M) = M and the restriction of aq to 
M is ao- 

Proof. We know there is a basis for M/N. Fix such a basis {Aj : i £ 
I}. Then we show {ao(Aj) : i £ 1} is also a basis for M/N. Let Q\ 
be the matrix with (i,j) entry given by qi(i,j) = E]y{ao(\i\j*)}. 
Now, 

tr Mn (N)(Qi) = (l/n)^2tr(qi(i,i)) 

iei 

= (1 /n) y, tr[E N {ao(X i X j *)}] 

iei 

= (W ^^tr(AjAj*) fbv Lemma (13.11) 1 

iei 

= t^M n (N)Q- 

Thus it follows from the Theorem 12.21 that {ao(^i)} is a basis for 
M/N. Observe since ao leaves N invariant it follows that Fqv(ao(x)) = 
ao(-EW(x)). Let x £ M\, Corollary 12.81 then implies 

x = T~ l E M (x\*ei)ei\i. 

i&I 

Then define, 

ai(x) = t~ 1 a 0 (E M (xXi*ei))eia 0 (Xi). 
iei 
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There is clearly no ambiguity in the definition of ot\. Next we show 
that a\ is a homomorphism. Consider y G M\. Now using the prop¬ 
erties of Jones’ projection and the fact that a o is a homomorphism 
we get the following series of equations: 

ai(x)ai(y) 

= t ~ 2 22 ao[EM{x\i*ei)\eiao(\i)aolEM{y\j*ei)}eioto(\j) 

i,j 

= r ~ 2 22 oto[EM(x\i*ei)}E N (a 0 [XiEM(yXj*ei)})eiao(Xj) 
ij 

= T~ 2 22 oio[Em{xX* ei)E N {XiE M {yXj*ei))\e\ao{Xj) 
ij 

(since «o and Ejy commute) 

= t~ 2 22 ao[E M {xX*e 1 E N (X i E M {yXj*ei))}\eiao(Xj) 
i,j 

= t ~ 2 22 a o[E M {xE M (yXj*ei)ei}}eiao(Xj) ( 1 ) 

3 

(since ^^Aj*eiAj = 1). 

i 

Similarly, 
ai (xy) 

= t ~ 1 22 uo[E M {xyXi*ei)\eiao(Xi) 
i 

= t ~ 1 22 a 0 [E M {x (22 r~ 1 E M (yX j *e 1 )eiX j )Xi*e 1 }}eia 0 (X i ) 

* 3 

= T~ 2 22 a o [E M {xE M (yXj*ei)E N (XjXi*)ei}\eiao(Xi) 

ij 

= T~ 2 22 a o[E m{ xE M (yXj*e\E N (XjXj*))ei}\eiao(Xi) 

i,3 

= t ~ 2 22 oco[E M {xE M (yXi*ei)ei}]eiao(Xi) ( 2 ) 

i 

(since 22 ^j* e i^j = !)• 

3 

Now comparing equations (1) and (2) we conclude that a\ is indeed 
a homomorphism. Next we show a\ fixes e±. Observe, 

ei = r' 1 22 E M (e 1 X i *ei)e 1 X i . 
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Now using our definition of a\ and property of Jones’ projection it 
is easy to see that, 


au(ei) = t 1 a 0 [E M {E N (Xi*)ei}\eia 0 (\i) 

i 

= ^2 ao(-E'Af(A,:*))eiao(Aj) 
i 

= ^2 E]\r(ao(Xi*))eiao(\i) (as En and ao commute) 
i 

= ^2 e i a o(A ? :)* e i Q o(Ai) 
i 

= ei. 

In the last equation we have used the fact that {ao(Aj)} is a basis 
for M/N. 

Next we will show that a\ agrees with ao when it is restricted to 
M. Now, since ao is a automorphism for x € M we find that, 

ai(x) = t~ 1 ^ ao{E M (xXi*e 1 }eiao(Xi) 
i 

= y ao(x\*)E M (ei)e 1 ao(\i) 

i 

= y a 0 (x)a 0 (X i )*e 1 a 0 (Xi) (since E M (e i) = r) 

i 

= ao(x ) (as {ao(Aj)} is a basis for M/N). 


Now we want to show that on is onto. 

Let y G Mi. Then, y = r/jeiao(Aj), since ao(Aj) is a basis for 
M/N. As, ao is an automorphism there is a unique Xi € M such 
that ao (xi) = yi. Put x = )TL a^eiAj. Then x belongs to M\. Now as 
we have already proved that a\ is a homomrphism which preserves 
e\ and agree with ao when restricted to M it follows trivially that 
a\(x) = y. Thus a\ is onto. 

Lastly we show a\ is one-one. Observe, a\ is ^-preserving, since 
if x = Yli Xie±Xi we find, exactly as above, that 

ai{x*) = ^ai(Ai)*eiai(xj)* = {y ai(xi)eiai(Xi)}* = ai(x)*. 
i i 


li 



Now. 


tr(ai(x)) = tr(^2a 0 (xi)eia 0 (Xi)) 
i 

= y~V{eiao(Ai)ao(zi)} 


i 

= t ^2 tr{ao(\iXi)} (Markov property) 

i 

= r ^2 tr(XiXi) (by Lemma 13.11) 

i 

= XT tr{xie\Xi) (Markov property) 

i 

= tr{x). 

so a\ is tr-preserving and hence one-one. The uniqueness assertion 
is obvious since M and e\ generate M\. Thus ot\ satisfies all the 
properties mentioned in the Theorem. □ 

Corollary 3.3. Let «o be as *n the previous theorem. Then there 
is a unique (trace preserving) automorphism a of the hyperfinite II\ 
factor R such that a(ei) = ej, a(Mj) = AR for all i > 1 and a\M = 
«o- 

Proof. Apply Theorem 13.21 recursively for the tower of basic con¬ 
struction to get a unique (trace preserving) automorphism a* on M, 
which leaves Mj invariant and fixes all ej such that 1 < j < i and 
Qj |Mj = acj. Thus we can define an automorphism(compatible with 
respect to the tower) ctoo on U jM; by, aoo(x) = otj(x) for x £ Mj. 
Now as ctoo is bounded it extends to trace preserving automorphism a 
(say) on R. Also since M\ and e* s generate R uniqueness is straight¬ 
forward. □ 

3.2 Iterating basic construction 

The following gives a characterization of basic construction using 
bases, in both Case(l) and Case(2). This would be needed for our 
proof of the assertion regarding k- th step basic constructions. 

Lemma 3.4. Let N C M be as in Case(l) or Case(2). Assume 
{Aj : i G {1,2, ..n}} is a basis for M/N (which exists in both the 
Cases). Let P be a II\ factor in Case(l) or a finite dimensional 
C*-algebra in Case (2) such that P contains M and also contains 
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a projection f such that Y^= 1 = 1 an d satisfies further the 

following two properties : 

1 )fxf = E^{x)f for all x £ M and 

2) {t~ 1 /' 2 f\i} is a basis for P/M. 

In addition for Case(2) P satisfies the following property also: 

3) n i —> nf is an injective map from N into P. 

Then there exists an isomorphism from M\ = (M,e i) onto P which 
maps e\ to f. 

In this situation we say that P is an instance of basic construc¬ 
tion applied to the inclusion IV C M with a choice of projection 
implementing the conditional expectation being given by /. 

Proof. Case 1 : Let x £ M\. Now from Corollary 12.81 it follows that 

x = y T~ l/2 E M (xT~ l/2 \*ei)ei\i. 
i 

Put di = r~ l EM{x\*e i), then define a map <f> : Mi H > P by cj>(x) = 
Y!i a if^ii which is clearly well-defined. Note, if y = iAj such 

that [ 61,621 . b n \ £ Mi Xn (M)Q, then by Remark 12.61 we conclude 

<t>{y) = ybif\i. (3.1) 

i 

Since, if Q\ is the matrix whose i — j th entry is given by qi(i,j) = 
E M {{T~ 1/2 eiX i ){T~ 1/2 e 1 Xj)*), then qi(i,j) = E N (XiXj*) = qij. Now, 
let x be as above and let y £ M\. Put y = JT 6 jeiA,; where 
bi = T~ l EM{yX*e 1 ). Then the following equations follow from prop¬ 
erties of Jones’ projection, 

<t>{xy) = fi{y aiE N (X i b j )eiX j } 

= Hy T~ l E M {xX*ei)E N {Xibj)eiXj} 
i,j 

= Hy M 1 E M (xX*eiE N (X i b j ))eiXj} 
i,j 

= fif'y t^ 1 EM(xbjei)eiXj} (since ^^Aj*eiAj = 1 ) 
j i 

= Hy T 1 E M [xT- 1 E M (yXj*ei)ei\eiX j }. 
j 

Now it can be easily checked that, 

[T~ 1 E M {xT~ 1 E M (yXi*ei)ei}, T~ 1 E M {xT^ 1 E M (yX 2 *e 1 )ei}, ., 

M 1 EM{xT~ 1 EM{yX n *e\)ei}] £ M lxn (M)Q. 
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Thus, it follows from equation(3.1) that, 

(t>{xy) = y T- 1 EM[xT- 1 E M {y^j*ei)ei]f\j 
j 

= y T- 1 E M (ajei\ibje 1 )f\j 

= T~ 1 aiE M (E N (\ibj)ei)f\j 

i,j 

— y ' T E i\r ( \ j bj ) f X j 

i,j 

= 'y ajfXjbjfXj (by assumption (1)) 

= <l>{x)<t>{y). 

Also, we have, 

4>{ei) = T ~ l y E M (ei\*ei)f\i 

i 

= y E N (X*)f\i (since E M {e 1 ) = r) 

i 

= y fX*fXi (by assunption (1)) 

i 

= f (since, yX*fXj = 1). 

i 

Thus 4> is a nonzero homomorphism. Now assume, x £ M, then, 
<K X ) = y T~ l E M {xXi*e\)fXi 

i 

= y^xX* fXi (since xX* £ M) 

i 

= X. 

4> is also ^-preserving, as, if x = Yi a*eiAj is any element of Mi, then 
the following identities hold: 


4>{{yaieiXi}*) = yX * fa* (since c/>(ei) 
i i 

= {y ai fx i y 

i 


= {</>(yy cgeiXi)}*. 

i 


f and (f >\m = id) 
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Thus 4>{x*) = 4>(x)*. 

Since we are now in a factor f is automatically injective. 

Finally we show <f is onto. For this purpose assume z £ P, as¬ 
sumption^) then implies z = Cj/Aj for some cj £ M. Put, 
y = CjeiAj which belongs to Mi and since 0 is a homomorphism 
sending ei to / and whose restriction to M is identity, we clearly get 
4>(y) = z, proving onto. Thus 0 is an isomorphism satisfying all the 
conditions stated in the Lemma. 

Cose2 : Note assumption(2) implies P = MfM. Also this together 
with assumption(l) imply that PfP = MfM. Thus P = PfP 
which forces Zp(f) = 1. Now just applying Corollary 5.3.2 in [7] we 
get the result. 

This completes the Lemma. 

□ 

Now we give another proof of k- th step basic construction for an 
inclusion of 11\ factors using basis and also we show it can be done 
for Case(2). 

Theorem 3.5. Let N C M be a pair of von Neumann algebras as 

in Case(l) or (2) and N C M C M\ C . be the tower of 11\ 

factors (or finite dimensional C*-algebras)in Case(l) (or in Case(2) 
respectively) which can be obtained by iterating basic construction. 
Let ei £ Mi be the Jones’ projections. Then for m > 0,k > —1, 
Mfc C Mfc +m C Mfe_|_2m is an instance of basic construction with 
a choice of projection implementing the conditional expectation of 
Mk+m onto Mfc is given by 


0[k,k+m] 

— T ^ ^ (ok+m+lO-k+m-••Ok+2) (ok+m+20-k+ni+l •• •Ok+?>) 

••• {0k+2m0-k+2m—l —Cfc+m+l) • 

Proof. Without loss of generality we shall prove that M_ i C M n C 
M- 2 n+\ is an instance of basic construction with er_ ljn i is the required 
projection. Assume {A* : i £ 1,2, ..n} is a basis for M/N (which exists 
in both the Cases). Now from Corollary 12. 101 we know that 

is a basis for M n /N. 

Now applying Corollary 12.71 and Corollary 12.81 repeateadlv we get 
M 2 n +i/M n has basis, 

r -l/2{(n+l)+(n+2)+..+(2n+l)} (ew+i __ ei)A . i(eri+2 __ ei)x 
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Aj 2 .(e 2 n • -61 ) A i n (e 2 n+l • -ei) \ n+1 ■ 

Observe that, 

(Cn+l ■•■ 61 ) Ajj (e n _|_2 ■ 'Cl) A ?2 .. (e 2 n+l ■•■ 61 ) Aj^j 

= (e n +i • -ei) (e n +2 ■ ^ 2 ) (e n +3 ■ ^ 3 ) ■ • (e 2 n+i • -e n +i) 

A, ] eiAj 2 62^1 A ^3 • ■ A i n Cyi. .ci A^ n _j_^. 

In other words it shows that, M 2 n +i/M n has basis as, 
{r-("+ 1 )/ 2 e [ _ lin] A.^ ) }. 

Note, [M n : N] = [M : IV] (ri+1) = T ~^ n+1 \ Thus condition (2) of 
the Lemma 13.41 holds for factor Case. 

To do the same for finite dimensional C**-algebra we break this 
into two Cases. 

Case 1 : Suppose n is odd. Then the inclusion matrix for N C M 
would be (GG 1 ) where n = (2 k — 1). But it is easy to see that 
||(GG*)*|| = ||G|| 2fe = ||G|| (n+1) = T -( n+1 )/ 2 . Thus condition (2) of 
the Lemma 13.41 holds in this Case. 

Case 2 : Here n is even n = 2m (say). Then the inclusion matrix 
for iV C M would be G(G t G) m . Then we see, \\G t G{G t G) m \\ < 
||G t ||||G(G' t G) m || = ||G||||G(G*G) m ||. Now applying the Case(l) in 
left hand side, we get that ||G||“" i+1 < \\G{G t G) m \\. The opposite 
inequality is obvious. Thus condition(2) of Lemma 13.41 holds in this 
Case also. 

We need to show that , for all k > l,(for both Cases), 


E * 


(fc) I -1 ’ fc — x ] *(fc) 


Arrr\ = 1. 


(3.2) 


*1,*2 

We prove it by induction over k > 1. It is easy to see that, 

r~n/2 ( 


and hence, 


A rr~Ar n ' l e n ..e \\= A. 7 — 

i(n) v n 1 l n+lJ j(n+1) 


(r~ n/2 A* e\...e n )\*--~~ = A*-. . 

' *"+ 1 ' i(n) i(n+l) 


Suppose, as induction hypothesis, for n > 1, 

X A fc) e [- 1 > n - 1 ] A (l(^) = L 


(3.3) 


* 1,*2 


Since Yli A**eiA* = 1, we see that equation (3.2) holds for k = 1. 
Also we know, for n > 1, 

®[—1 ,n] — 7" (Cn+l6n+2 ■C2n+l)cj_i )n _i] (e2nC2?i—1 •'Cn+l) ■ 
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Thus 



U,fc2v^n+1 

= ^2 T 2 ' i A- ri+1 (eie 2 ...e n )A^(e ri+ ie n+ 2..e2n+i)e[_i iri _i] 

*1,*2,"*71+1 

( e 2n • -Cn+i) A r^p (e n e n _ 1 . .ei) Ai n+1 
= 5Z T_2 " A l +1 ( e i e 2-- e n)(en+i--e2n+i)A^ r) e hlin _ 1] Ar^ r) 

U,*2,v*n+1 

(^2n^2n—1 • *^n+l) {pn&n —1 • *^1 )^i n +i 

= T 2n ^2 A* n+1 (ei e 2 .. ■ .e 2n +i) (e 2 n e 2 n-i ■ • - ei) A* n+1 

^n+1 

[by equation (3.3)] 

= A in+i ei '^®"+ 1 

^n+1 

[since (e 1 e 2 ..e 2 re+ i)(e 2 ne 2 n-i--ei) = r 2n ei] 

= 1 . 

Here, the second equation holds as Arp; G M n _i and (e n+ ie n+2 ..e 2 n +i), 

(e 2 ne 2 n-i-e n +i) both commutes with M n _i. 

Hence the induction is complete. 

Now we show property(l) of the Lemma 13.41 
As induction hypothesis, suppose,for n > 0, 

^[— —l,n] — for G A/^. 

It trivially holds for n = 0. Then, for n > 0,and for x n +i G Af n+ i, 
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we get the following array of equations, 

®[—l,ra+l]®ra+l®[—l,n+ 1 ] 

= T 2 ^'' +1 ^(e n+ 2.-e2n+3)e[-l,n]( e 2n+2--en+2) 

^n+l(en+2--e2n+3)e[_l,n]( e 2n+2--&n+2) 

_ T 2 ( n + 1 )(e n _ l _ 2 ..e 2n+3 )e[_ lin ](e 2n+2 ..e n _ ) _ 3 ) 

-EM„(^n+l)(en+2--e 2 n+3)e[-l,n]( e 2n+2--e n +2) 

= T 2 ^ l+1 ^(en+2--e 2? i+3)e[-l,n]( e 2?i+2--en+3) 

(en+2--e2n+3)-E'M n (^n+l)e[_l )n ](e2 n +2--e n +2) 

_ T 2 h'-+ 1 )(e n+2 ..e 2n _|_ 3 )e[_ l ri ](r"e 2n+2 e 2n+ 3 ) 
e m„ (x n+ i)e[_i in] (e 2n+2 ..e n+2 ) 

_ T ” r 2 ( n + 1 )(e n+2 ..e 2n+2 )e[_ 1)n ](e 2ra+ 3e 2n+2 e 2ra+ 3) 

Em„ (x n+ i)e[_i in] (e 2n+2 ..e n+2 ) 

= T _(, ' +1) ( e n+2--e 2 n+3)e[_i i n]-®M„(®n+i)e[_i in ](e 2n+2 ..e n+2 ) 

_ T ( n + 1 )(e n+2 ..e 2n+3 )Eiv(^n+ 1 )e[_ ljn ](e 2n+2 ..e n+2 ) 
[Induction hypothesis] 

-®JV (®n+l)®[— l,n+l] • 

The fourth equation holds because of the almost trivial fact that 

(e 2 n+2--en+3)(en+2--e 2 n+3) = i" n e 2n _|_ 2 e 2n _|_ 3 . (3.4) 

It should be mentioned that throughout we have used the fact 
that, for n > 0, 

e [-l.,n+l] = T _( " +1 H e n+2--e 2 n+3)e[_l, n ](e2n+2--en+2)- 
This completes the induction. 

Now using Lemma 13.41 we get the desired result for II\ factor Case. 
For finite dimensional C*- algebra the only remaining thing is to 
prove that the map x \—> ®e[_ l n ] for x £ IV is injective. From 
Lemma o it follows that xe\ = 0 implies x = 0 for x £ N, proving 
the above fact for n = 0. Suppose the statement is true for (n — 

1), that is for x £ N, xe [_i jrl _x] = 0 implies x = 0. Let for x £ 

N,xe { _ 1>n] = 0. Thus, (||xe[_ 1)n] || 2 ) 2 = tr(xe { _^ n] x*) = 0. Note, 

0 = tr(e[_ 1>n ] x*x) 

— tr ((e n _|_i e n+ 2 ■ • e 2n +1) i jn _i] (e 2n .. e n + 1 )x x ) 

= ^(e[_i, ri _i](e 2n ..e ri+ i)(e ri+ i..e 2n+ i)x*x) (since x*x £ N ) 

= tr(e [ _ liri _i](r Tl ^ 1 e 2n e 2n+ i)x’*x’). (by equation(3.4)) 
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But as we know tr is Markov, we conclude from the last equa¬ 
tion tr(e\_i n _i\x*x) = 0, that is tr{xe\_\ n _ ip*) = 0. In other 
words,,xe[_i n _i] = 0 and now from induction hypothesis we conclude 
x = 0. Hence the induction is complete. 

This completes the proof for both the Cases. □ 
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